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A stem extension of a group G is a central extension 
e: O-A-E-G+ 1 
with A contained in the commutator subgroup E’. A stem cover (or 
Darstellungsgruppe) is a “maximal” stem extension [3, 81.. In [7], Harris 
showed that if G has only one stem cover e (for example, if G is perfect), 
then every automorphism of G is induced by an automorphism of E. This 
paper explores some generalizations of that result. We say that G is an Y 
group if there is some stem cover e with every automorphism of G induced 
by one of E. In other words, every automorphism of G lifts to e. For 
example, every automorphism of the Four Group lifts to the Quaternion 
extension, but not the Dihedral. If G is elementary of order 8, so it has 168 
automorphisms, then no more that 21 of them lift to any single stem cover of 
G [4, type r,]. We shall see that every abelian group G of odd order is 9, 
and the stem cover to which Aut G lifts is unique. 
Schur [9] showed how to enumerate the stem extensions of G, but there 
are generally several entries in his list with isomorphic middle groups E. In 
the terminology introduced below he wrote down the non-type l-isomorphic 
stem extensions. The property 9 is somewhat related to the extremely 
difficult problem of enumerating the non-type 2-isomorphic stem extensions. 
In Section 1 we introduce an action by Aut G on the collection of stem 
extensions of G, and exhibit connections between the property 9 and the 
nature of this Aut G-set. Section 2 is a fairly transparent proof of a well- 
known formula of P. Hall. Section 3 is devoted to a technical emma, used in 
Section 4, which serves as a defense for some use of H*(G, C ‘). In Section 4, 
the lifting problem for finite groups is reduced, in some sense, to the same 
problem for p-groups. In particular, G is i9 if each of its Sylow subgroups is. 
* This paper is drawn from the author’s doctoral thesis, written under the supervision of 
Michio Suzuki at the University of Illinois, Urbana. 
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(The converse fails.) Occasionally, the lifting of individual automorphisms 
forces a whole group to lift at once, and a particular case of that is pointed 
out in Section 5. A class of non-9 groups, the large (order greater than four) 
elementary abelian 2-groups, is explored in Sections 6 and 7. 
1. STRUCTURE OF T(G) 
Two group extensions e, and e2 are type 2 isomorphic if there is a 
commutative diagram 
In the case G, = G, = G and u = 1, e, and e, are type 1 isomorphic. 
Let 1 + R + F + G + 1 be a free resolution of G, so M(G) = (R n F’)/ 
RF] = HAG, z> is the Schur Multiplier of G. The restriction of rc to 
R n F’ in a lifting 
l-+R+F+G-tl 
I In I’ 
e: O+A+E+G+l 
induces a canonical homomorphism 0e : M(G) + A, and the resulting Five 
Term Sequence 
M(E) -i M(G) %A -+ E/E’ + G/G’ -+ 1 
is exact [3]. The image of 8e is A n E’, so e is a stem extension (resp. stem 
cover) if and only if f3e is a surjection (rep. isomorphism). 
The subgroup N, = ker Be of M(G) is important in describing the 
commutator structure of E: We say that two central extensions e, and e2 are 
(strongly) isocfinic if the rule [I,(k), Z,(y)] -+ [Z,(k), Z,(y)] defines an 
isomorphism E; -+ ES, where Zi : G + Ei is a lifting [ 1, 111. This version of 
isoclinism of extensions is similar to Hall’s notion of isoclinism of groups 
1513 which only involves the case A = Z(E), and which permits 
automorphisms of G other than the identity (an idea for defining weak 
isoclinism) in the right-hand column of the diagram 
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0 -+ M(G) -+ F’/[R, F] + G’ --t 1 
lee* 1;’ 1’ 
O+A,nE;- ES + G’ + 1. 
The diagram above makes it clear that e, and e2 are (strongly) isoclinic if 
and only if Ne, = Ne,. 
It is convenient o treat stem extensions one isoclinism class at a time, so 
fix a subgroup N of M(G) and view A as M(G)/N. We restrict the split exact 
Universal Coefficient Sequence (UCS) [ 31 
0 + Ext(G/G’, M(G)/N) + H’(G, M(G)/N) 
3 Hom(M(G), M(G)/N) + 0 
to 
0 + Ext(G/G’, M(G)/N) + V,(G) 2 End(M(G)/N) -+ 0, (l-1) 
where End(M(G)/N) is identified with the obvious subgroup of Hom(M(G), 
M(G)/N), and V,(G) is defined as K’(End(M(G)/N)). Let T,(G) = e-‘(l). 
With the help of the Five Term Sequence, we see that no two elements of 
T,(G) are type 1 isomorphic. Lemma 1.2 and naturality of 19 guarantee that 
any stem extension e with N, = N is type 1 isomorphic to (I!&‘), e E T,(G). 
Hence, T(G) = U N(M(G) ‘NtG) cresP* =dG)) is a complete set of non-type l- 
isomorphic stem extensions (resp. stem covers) of G. 
Homomorphisms cr :G, -+ G, and a : A, + A, induce natural transfor- 
mations u* : H2(G2, )-+ H2(G,, ) and a+. :H2( , A,)-+H’( , A,), where 
H2(Gi, ) is restricted to trivial G,-modules, and all groups act trivially on 
A i, for i = 1,2. Interpretation of these maps in terms of homomorphisms of 
extensions is best summed up by the following [ 10, Proposition 11.4.31: 
LEMMA 1.2. Given central extensions e, and e; and homomorphisms a 
and 6, there is a homomorphism 1, completing a commutative diagram 
e,: O-A, -E, -G,-1 
Ia Ia lo 
e2: 0-A,-E,-G,-1 
ifand only ifa*e, = e20* in H’(G,, A2). 
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Remark. Observe the cases a = 1 and u = 1. 
The automorphisms of G (acting on the left) permute the extensions in 
I’(G) as follows: for u E Aut G, e, , e2 E T(G), write ae, = e, if there is a type 
2 isomorphism 
e,: O+M(G)/N,I-rE,-+G-+l 
I I =l” 
e2: O-+M(G)/Ne2-+ E, --t G+ 1, 
(1.3) 
that is, if e2 is type l-isomorphic to e,a*-‘. Thus, e, and e2 are type 2- 
isomorphic if and only if they lie in the same Aut G-orbit in T(G), and the 
automorphisms which lift to e E T(G) are precisely those which leave it fixed 
under this action. 
By means of the functor M, M(G) is left Aut G-module, so Aut G acts on 
the set .Y of subgroups of M(G). Naturality of the Five Term Sequence 
shows that N,, = UN, for u E Aut G, e E T(G), so Aut G permutes the sets 
T,(G) just as it does 9. For N < M(G), let iJ, = N*.,.(N). One could 
completely describe the Aut G-set f(G) (and then, perhaps, the decom- 
position of T(G) into type 25somorphism classes) by describing the Aut G- 
set 9, and the UN-set T,(G) for NE 9. 
There seems to be little further to say about .Y‘ for arbitrary groups G, but 
the UN-set T,(G) has another description. Let ‘u < U,,,. That is, let 2l< Aut G 
and assume that N is an 9l-submodule of M(G). Each of the entries in (1.1) 
acquires a left ‘U-module structure from the left action by ‘u on G. An U- 
bimodule X has a “conjugating” left action defined by Ox = uxu- ’ for u E a, 
x E X, and we consider the entries in (1.1) as “conjugating” left %-modules. 
The homomorphisms in (1.1) preserve this U-action since they come from 
those in the UCS, which are natural in both variables G and M(G)/N. The 
splitting is generally not an ‘U-homomorphism. 
The elements of End(M(G)/NJ fixed by ‘u are just the ‘U-endomorphisms 
End,(M(G)/N). Thus, I’,(G) = (P’(l) is an ‘U-subset of VJG). For u E ‘u 
and e E T,(G), “e = uyceu*-‘, so Lemma 1.2 assures a diagram 
e: O+M(G)/N-t E + G --t 1 
-1” qA j. 
“e: O+M(G)/N-+ E --t G -+ 1, 
just as in (1.3). Hence, the ‘U-sets T,(G), as a subset of T(G) and as a subset 
of V,(G), are the same. 
If S is a group, and X an S-module, then an afine representation of S on 
X is a permutation representation T such that T,(x) = sx + f, for some 
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rs E X independent of x E X. Two afftne representations T and T’ are 
equivalent if there is some x0 E X with T,(x) +x0 = Ti(x + x,,), that is, if 
there is a translation which is an equivalence of S-sets. The rule T tt r gives 
one-to-one correspondences between the afftne representations of S on X and 
Der(S,X), and between the equivalence classes of affme representations and 
H’(S, X). 
Given a short exact sequence of S-modules 
and z E H”(S, Z), the S-subset p-‘(z) of Y has afftne action corresponding 
to az in the long exact sequence 
. * * -+ HO(S, Y) -+ HO(S, Z) Jb H’(S, X) -+ . . * ) 
and az = 0 if and only if S fixes some element of p-‘(z), if and only if the S- 
sets p-‘(z) and X are equivalent. (S fixes 0 E X.) We remark that every 
affrne S-set occurs in this way, for if Y = X @ Der(S, X) with s(x @ 7) = 
(sx + 7,) @ t, for s E S, then a : H’(S, Der(S, X)) = Der(S, X) + H’(S, X) is 
the projection. 
Let ~,#I) = a( 1) in the long exact sequence induced by (1.1) 
. . . -t HO(‘U, V,(G)) + End,(M(G)/N) 4 H’(‘U, K,(G)) + ... , (1.4) 
where K,(G) = Ext(G/G’, M(G)/N). We summarize: 
THEOREM 1.5. Zf VI< Aut G and N is an Wsubmodule of M(G), then the 
‘U-set T,(G) is equivalent to the aflne ‘U-set K,(G) corresponding to ~/,(a) E 
H’(‘U, KN(G)). In particular, vJ?I) = 0 if and only if Z’,,(G) has a fixed 
point, and then Z’,(G) z K,(G) = Ext(G/G’, M(G)/N) as ‘U-sets. (VI fixes 
0 E K,(G)-) 
The UCS, and thus sequence (l.l), always splits in the category of abelian 
groups. 
THEOREM 1.6. The ‘U-set T,(G) has a fixed point if and only if (1.1) 
splits in the category of U-modules. 
ProoJ: Suppose e, E Z,,(G) = &r(l) is fixed by ‘u. Then D = {a, e, ( a E 
End(M(G)/N)] is an 2f-submodule of V,(G), and &a, e,) = a, so V,(G) = 
K,,,(G) 0 D, as desired. Conversely, if (1. I) splits, then ~,#I) = a( 1) = 0 in 
Theorem 1.5. 
Remark. The inner automorphisms of G act trivially on M(G), Z,(G), 
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and each of the entries in (1. l), so U can be replaced by the corresponding 
group of outer automorphisms throughout. 
Suppose N, and N, are ‘U-submodules of M(G) with N, c N,. The 
canonical projection 
7c : M(G)/N, -+ M(G)/N, 
gives a homomorphism of ‘U-sets 
Cv,(G) = CvJG)~ 
In particular, if TNI(G) has a fixed point, then so does T,z(G). We record the 
case N, = 0. 
LEMMA 1.7. Let 2[ be a group of automorphisms of G. If the ‘U-set T,(G) 
(of stem covers) has a fixed point, then so does T,(G) for every U-submodule 
N of M(G). 
G is an P group if and only if Aut G fixes an element of T,(G), and then 
each &set T,(G) is equivalent to the &module KN(G) = Ext(G/G’, 
WGYN). 
EXAMPLES. If G has only one stem cover, i.e., Ext(G/G’,M(G)) = 0, 
then G is obviously F. 
Suppose G is abelian. Then M(G) is naturally isomorphic to the exterior 
product G A G = (G @ G)/T, where T is the group generated by 
(x @ x 1 x E G}. If x ct x2 is an automorphism of G (or of A), then there is a 
well-known splitting Hom(G A G, A) + H*(G, A) (essentially division by 2) 
of the UCS 
O+Ext(G,A)+H2(G,A)$Hom(GAG,A)+0, 
which certainly gives a UN-splitting of (1.1) for each N ,< M(G). [The 
associated splitting H’(G,A) --f Ext(G,A) was first constructed by Baer in 
Trans. Amer. Math. Sot. 44(1938), 382, Theorem B.1.1 Hence, G is Y. The 
inversion automorphism of G acts trivially on M(G), so lies in U, for each 
N, and it acts fixed point freely (as inversion) on K,(G). So U, has exactly 
one fixed point in T,(G). Among the stem extensions of G, type 2 
isomorphism is equivalent to isomorphism of middle groups E. Thus, a 
complete set of nonisomorphic nilpotent groups of class 2, abelianization G, 
is obtained by selecting a complete set {N, , N, ,...} of non-Aut G-conjugate 
subrgoups of G A G, and for each i, a complete set {xi”, xi”,...} of non-U,; 
conjugate elements of Ext(G, (G A G /Ni). The extensions can be written 
140 MICHAEL D.FRY 
explicitly as ei(j) = ei + x:j), where ei is the (unique) element of Z,&,(G) fixed 
by Gi. 
The assumption about the squaring map is crucial since elementary 2- 
groups are usually not Y. 
2. A FORMULA OF P. HALL 
A group G is called a stem group if Z(d) E 6’ [ 51. Let G = G/Z(e), and 
U be the autoclinism group of 6, defined as the group of automorphisms of 
G which induce automorphisms of G’, but equal to U,V,, in 
- ^ 
e:O+Z(G)+G+G+ 1. 
In (6 1, Hall showed that if (6, ,..., G,.} is a complete set of nonisomorphic 
stem groups isoclinic to the finite stem group G, so there are isomorphisms 
e/Z(G) --) G,/Z(C?,) which induce isomorphisms 6’ + 61, then 
1 r. I -= 
JUI ,>,Aut. 
We generalize this slightly. Let G be any finite group, N< M(G), and 
(1) {e ,-.., e”‘} a complete set of non-type 2-isomorphic stem extensions in 
Z’,(G). For any extension 
e:O-+A+E+G+ 1, 
define Aut e = NAUtE(A), the group of type 2 automorphisms of e. 
THEOREM 2.1. Using the notation above, 
ProoJ: For i = l,..., r, let ind : Aut e”’ -+ Aut G be the obvious map, and 
let Ii be the image of ind. The action by U,, on Z,,(G) is such that 
Ii = CUN(eu’), and the number of extensions in Z,,,(G) type 2 isomorphic to 
e”’ is (UN : Zi), so ]Z,(G)] = Cf= i (UN : Zi). The kernel of ind is the group of 
equivalences of e”‘, so there is a short exact sequence 
0 -+ Hom(G/G’, M(G)/N) + Aut e”’ -+ Ii + 1. 
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Thus, 
t”N : Ii> 
= ,Fl 1 UN1 . / Hom(G/G’, M(G)/N)I 
I r,(G)1 
= / UN1 . I Hom(G/G’, M(G)IN)I 
1 
=lu,l* 
3. NATURAL TRANSFORMATIONS OF HZ 
For any group G and any trivial G-module A, there is an exact sequence 
with arrows natural in G and A [ 141 
0 + Ext(G/G’, A) + H’(G, A) 3 Hom(A#, H’(G, a)), (3.1) 
where L2 = Q/Z (or C’), and A# = Hom(A, Q). The map 8 is defined by 
8(e):cpl+,*e 
forcpEA#,eEH’(G,A).TheUCS 
0 + 0 + H’(G, 0) 2 Hom(M(G), J2)) + 0 
gives a natural isomorphism H’(G, 0) =‘M(G)#, and there is a 
commutative diagram 
Hom(M(G), A) + 0 
O-Ext(G/G’,A)+H’(G,A)< 
I 
II 
(3.2) 
e Hom(A#, M(G)#), 
where v is the obvious embedding. In particular, if G is finite then 9 is an 
isomorphism, so (3.1) is really the UCS. The following is easily checked. 
LEMMA 3.3. The diagram 
H2(G,, A) -% Hom(A#, H’(G, ,a)) 
I 
=A 
I 
G 
H’(G,, A) -% Hom(A#, H2(G,, Q)) 
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commutes, for any natural transformation 
7 : ff*(G, , > + ff*(G, 3 1, 
and any abelian group A. 
(Here, the functors H2(Gi, ) are restricted to trivial Gj modules.) 
A similar but more complicated assertion holds for the UCS, if we 
consider t, E Hom(M(G,)#, M(G,)#). 
LEMMA 3.4. There is a (single) homomorphism p : M(G,)+ M(G,) 
completing a diagram for each abelian group A, 
H*(G,, A) -% Hom(M(G,), A) 
I 
T.4 
I 
4* (3.5) 
H*(G, , A) 3 Hom(WG,), A 1, 
if and only if z, = a# for some a E Hom(M(G,), M(G,)), and then p = a is 
the unique such map. 
Remark. Diagram (3.5) is equivalent to commutativity of 
M(GJ 
I 
5 Yf 
/” e(e) 
M(G, > 
for every e E H*(G,, A). The map (r always exists if G is finite. 
Proof of Lemma 3.4. Clearly p#= tlj if p is to fill (3.5) when A = R, SO 
if p exists, it is uniquely determined. Conversely, if p#= rR, then (3.5) will 
follow from Lemma 3.3 and (3.2). 
4. LOCALIZATION 
We assume throughout that G is finite. In this section we make extensive 
use of the corestriction transformation 
car : H”(R, ) -+ H”(S, ), 
where R is a subgroup of the finite group S. The composite car 0 res is 
multiplication by (S : R), so if R is a Sylow p-subgroup of S, then 
res : H”(S, L) -+ H”(R, L) 
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is a monomorphism on the group of p-elements of H”(S, L), for every S- 
module L. (See Gruenberg [3] for details.) 
For a prime p and a finite abelian group A, let A, and A,, denote the 
groups of p-elements and p-regular elements of A, respectively, and 
rcP :A -+ A, the projection. If ‘u is a group of automorphisms of G, then 2I 
lifts to the central extension e if and only if for each prime p, ‘u lifts to 
Cp=np,e in 
e: O-+A-tE+G+l 
This follows from the decomposition e= C, cP in H2(G, A) = C, H2(G, A&, 
and Lemma 1.2. 
For N < M(G), let Ncp’ = N + M(G),,, so M(G)/NcP’ E (M(G)/N),. 
THEOREM 4.1. Let U be a subgroup of Aut G, and N an ‘U-submodule of 
M(G). Then ‘U3xes some stem extension in T,(G) if and only ifeach Sylow 
subgroup of U does, if and only iSfor each prime p, a Sylow p-subgroup !J3 of 
‘Ujixes some element of T,,,,(G). 
Proof. In the direct sum decomposition 
ff’($ K,(G)) =x H’(‘U, &v(G)), 
P 
= 1 H’(K K,v,,dG)), 
P 
we find that 
as in Theorem 1.5. Further, w,(‘p) = res v,(U), and ‘p fixes an element of 
T,(G) (resp. T,,,,(G)) if and only if res y/,(B) = 0 (resp. res wN,#I) = 0) in 
res : H’(‘U, K,(G)) + H’(‘$, K,(G)). 
But res is a monomorphism on H’(%, KN,P)) and is 0 on H’(%, KN,q,) for 
q fp. The theorem follows at once. 
Let a = (% . Inn G)/Inn G, the outer automorphism group. If the prime p 
does not divide GCD(I G/G’ / , 131, 1 M(G)/NJ), then ‘p fixes an element of 
T,,,(G). For if pkl’iil, then ‘p consists of inner automorphisms, which fix all 
of T,(G). If piGCD(IG/G’I, (M(G)/N(), then K,(G) is a p/-group, so 
481/88/1L10 
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H’(v, K,W(G)) = 0. In particular, if GCD(I G/G’/, /Out G/, IM(G)I) = 1, then 
G is Y. 
Let T,(G) = q U P2 U . .. U fir be a decomposition into %-orbits. One 
interpretation of Theorem 4.1 is that if GCD(IP, ) ,..., iPr I) = 1, then 181 = 1 
for some i. 
Theorem 4.1 shows that generality is not lost in assuming that ‘u and 
M(G)/N are p-groups. In particular, 2I will then normalize some Sylow p- 
subgroup of G. 
PROPOSITION 4.2. Suppose A is a finite p-group, and 2l normalizes some 
Sylow p-subgroup P of G. Then ‘u lifts to the central extension e if and only 
if (the restriction of) ‘u lifts to e, in 
e: O+A+E+G-+ 1 
(4.3) 
e,:O-+A+Q-+P-+ 1, 
where I and ,I are inclusions. 
Proof Since A is a p-group, the restriction map res : H’(G, A) --t H2(P, A) 
is an injection, it is a homomorphism of End A-?I-bimodules, and eP = res e. 
For (T E VI, the existence of a E Aut A satisfying ea* = a, e is equivalent to 
ePa* = a* eP in H’(P, A). Application of Lemma 1.2 completes the proof. 
Diagram (4.3) induces a diagram 
. . . + M(p) Be, A + . . . 
J. -1 
... -M(G) &A + . . . . 
so N’, = z;‘(N,). In particular, if e and e’ are isoclinic (N, = N,,), then eP 
and e; are also isoclinic. However, not all of the stem extensions isoclinic to 
eP are necessarily restrictions of extensions of G. So the following theorem, 
which asserts that 2I lifts to a stem extension isoclinic to e if and only if it 
lifts to one isoclinic to eP, still requires proof. 
THEOREM 4.4. Let P be a Sylow p-subgroup of G normalized by a p- 
group ‘$ < Aut G, and N a CP-submodule of M(G). Define A= I;‘(N) in 
M(P) + ‘*M(G). Then $3 fixes some element of P,,,(G) if and only if (the 
restriction of) !JI fixes some element of Pfi(P). 
COROLLARY 4.5. If every Sylow subgroup of G is 5?, then so is G. 
AUTOMORPHISMS AND STEM EXTENSIONS 145 
Proof By Theorems 4.1 and 4.4, G is 9 if for each prime p, a Sylow p- 
subgroup ‘p of Aut G fixes an element of Tfi(P). Apply Lemma 1.7. 
Proof of 4.4. By Theorem 4.1, ‘$3 fixes some element of P,(G) if and only 
if it fixes something in P,&G), and since M(P) is a p-group, fi = z;‘(N) = 
I$ ‘(FV(p’). So replace N by No” and assume that M(G)/N is a p-group. 
Define a natural transformation r : H*(‘Q, ) --) H*(G, ) as multiplication 
by (G : P)-’ followed by corestriction: 
s=coro(G:P)-‘. 
So rA o res = 1 on H*(G,A), for all A. In particular, res is a monomorphism 
on H’(G, Q),, and I$ = res, so ~*(hf(P)) = M(G),. Hence, i, induces an 
isomorphism (of U-modules) M(P)/@= M(G)/N, so we will consider them 
equal. Naturality of the UCS and Lemma 3.4 yield commutative diagrams 
0 -+ K,(G) + H2(G, M(G)/N) 4 Hom(M(G), M(G)/N) + 0 
\ 1 r-I IT 1: 1 lc* (4.6) 
0 --t K,+(P) -+ H2(P, M(P)/fi) 3 Hom(M(P), M(P)/N) + 0, 
where c#= r R. Also, I*C = 1 on M(G), since (i* c)” = t, . res = 1 on 
ff*(G W,, so c* and z$ restrict to inverse isomorphisms 
Thus, (4.6) restricts to diagrams 
0 + K,(G) + V,(G) 3 End(M(G)/N) -+ 0 
1 1 -s\ lz q+ 
0 + Kg(P) + V,(P) 2 End(M(P)/fi) + 0. 
Once we know that the upward arrows are homomorphisms of ‘U-modules, it
follows that the top line splits in ,Mod if and only if the bottom line does, 
and appeal to Theorem 1.6 will complete the proof. 
It is enough to show that for any trivial G-module A, cot: H*(P,A) + 
H*(G, A) preserves the right action by ‘u. If A is any G-module and (T E ‘u, 
then let A” denote the conjugate module (xa in A” is u(x) a in A, for x E A). 
Then u and its restriction to P induce maps o* in 
H”(P, A) % H”(P, A”) 
I 
co, 
I 
ecu 
H”(G, A) s H”(G, A”). 
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Commutativity of the above diagram is verified directly for n = 0, and it 
follows for n > 0 from the uniqueness part of [ 3, Theorem 1, p. 86 ] applied 
to the natural transformations u* COP and car u*. The case n = 2 and A a 
travial G-module (so A = A”) complete the proof of Theorem 4.4. 
5. A UNIFORMITY RESULT 
We again assume that G is finite. It is possible for each element of a group 
‘u of automorphisms of G to lift to some stem cover of G, while U does not. 
For example, take G elementary of order 8. Then each involution in Aut G 
lifts, but no group of order 4 does [4, type rg]. 
THEOREM 5.1. Let II < Aut G and Nan ‘U-submodule of M(G) such that 
M(G)/N is a p-group. If each p-element of ‘u fixes at least pm ’ jr,,.(G)/ 
elements of T,(G), then Vlfixes some element of T,,(G). 
Proof Throughout the proof, r= r,,(G) and K = K,(G). By Theorem 
4.1, it will suffice to show that Fix,(V) # 0 for a Sylow p-subgroup 13 of U. 
By hypothesis, 
(K : C,(u)> <P (5.2) 
for each u E ‘$3. Suppose Fix,@) = 0. Then there is a subgroup R of ‘Y such 
that R does not fix anything in r, but every proper subgroup of R does. Let 
n be the minimal number of generators of R. Since R is not cyclic, n is at 
least 2. Let R= R/@(R), where Q(R) is the Frattini subgroup of R, so ff is 
elementary abelian of order p”. For T < R, let r denote the image of T under 
the projection R --t E. Select subgroups 
T, , T, ,..., T, 
of R so that 
are the maximal subgroups of R, and each Ti is generated by n - 1 elements. 
Then 
l=p”P’ +p”-2 + . . . 1. 
For distinct i and j, the groups Ti and Tj generate all of R, so no two of them 
can fix the same element of I-. Hence, 
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= C IcK(ri>l 
i=l 
a i IC,(R>I 
i=l 
= (p”-’ +p”-* + a** f 1) * IC,(R)I. 
But JKI and IC,(R)I are powers of p, and n > 2, so 
If4 >P” IC,(R)I = IV IC,(R)I. 
For any minimal generating set 
of R, we also have (with (5.2)) 
(K : C,(R)) = (K : A C,(a,) j 
i: I 
whence 
Further, the inequalities in (5.3) must be equalities, so 
CK : cK(ai)> = P 
for each i, the embedding is an isomorphism 
K i\ C,(Ui)) = fiK/C,(Ui), 
i= I i=l 
and for all i. 
C&J;) + fi C,(u,)= K. 
j= I 
.izi 
(5.3) 
(5.4) 
(5.5) 
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CKVi> = C,(R) 
since otherwise 
>P*l*IC,(R)l 
> P” ICK(R)I 
= IPL I C,(R)1 
Arrange the ri so that C,(T,) = C,(R), and select a generating set 
of R so that 
generate T,. Now 
h C,(Oi) = C,(T,) = C,(R) < C,(U,), 
i=2 
so 
K= CK(ul> + fi C,(Ui) = C,(O,), 
i=2 
which contradicts (5.4). 
6. COHOMOLOGY OF GROUPS OF EXPONENT 2 
An alternative to the factor set style of describing H’(G,A) is possible in 
case G and A are (possibly infinite) additive abelian groups of exponent 2. 
Let 1 : G -+ E be a lifting of the central extension 
e:O-+A-+E+G+l, 
giving rise to the factor set jI Define a function f: G + A by p(x) =f(x, x) = 
I(x)*. Then f= 0 if and only if E has exponent 2, if and only if e = 0 in 
H2(G, A). 
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The map Be : G A G --f A in the five term sequence is given by the 
commutator formula 
Be(x A y> =[Z(x), Z(y)] =f(x> +f(y) +f<x + .Y) = @(x, y>. 
Let F(G,A)={q:G-,AIq(O)=O and 6q is a skew symmetric bilinear 
form}. Homomorphisms u: G, --f G, and a: A, + A, give rise, by 
composition, to natural transformations (T* : K(G,, ) + K(G,, ) and 
a*:R( ,A,)+K( ,A*), and the corresponding transformations of HZ can 
be defined by composition with factor sets, so the homomorphism 
defined by 
p: H’(G,A)-tE-(G,A) 
p(e) =P 
is an embedding which is natural in G and A. It appears in a commutative 
diagram 
O-+ Ext(G,A) -+H2(G,A)~Hom(GAG,A)+0 
I 
6 
I 
0 
I’ 
O-,Hom(G,A)-1 B(G,A) $Hom(GAG,A)--+O, 
where b is the restriction of p. 
LEMMA 6.1. p is an isomorphism. 
Proof. It will be enough to show that p’ is onto. Among the factor sets of 
extensions in Ext(G, A) are the symmetric bilinear forms, homomorphisms 
a,:GVG-tA, where GVG=(G@G)/S, and S is generated by {x@y+ 
y@x]x,y~G}. But since G has exponent 2, A={xVxjxEG} is a 
subgroup of G V G isomorphic to G. Restriction to A gives a surjection 
Hom(G V G, A) + Hom(A, A) = Hom(G, A), and pq = 4 is restriction to A, 
so p is surjective, as desired. 
We remark in passing that Yamazaki [14] showed that every skew 
symmetric bilinear form is 8f for some bilinear form f, so the argument 
above guanrantees that every central extension of G by A has a bilinear 
factor set. Those associated with the split extension are the skew symmetric 
forms, so 6(G,A) can be identified with Hom(T, A), where T is the 
subgroup of G @ G generated by {x @ x ( x E G}. 
In case A = M(G) = G A G, the UCS now reads 
O+Hom(G,GAG)~~(G,GAG)~End(GAG)-tO (6.2) 
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and an element t of B(G, G A G) is fixed by ‘u < Aut G if and only if 
t : G + G A G is a function of 2l-sets (equivalently t : T+ G A G is a 
homomorphism of VI-modules). 
7. ELEMENTARY ABELIAN GROUPS 
In this section we prove the following: 
THEOREM 7.1. Suppose G is elementary abelian of order 2’. Then G is 
9 if and only if r < 2. 
For the moment, we will only assume that G is elementary abelian of 
order p’, where p is a prime. Assign a multiplicative structure to G so that G 
is the additive group of a field L, and let L ’ be the multiplicative group of 
nonzero elements of L, considered a subgroup of Aut G. Then L’ is cyclic of 
order p” - 1 and it acts transitively on the nonzero elements of G. In 
particular, G is a simple L ‘-module. Some confusion can be avoided if 
,uu, E Aut G denotes multiplication by a E G. Choose once and for all an 
element 3, of G so that p, generates L ‘. Let F be the prime subfield of L. 
THEOREM 7.2. The group L ’ lift to a unique stem cover of G. 
Remark. It follows that N AUt G(L ‘) also fixes that stem cover, which 
gives cases r = 1 and 2 of Theorem 7.1. Note that NAut &L ‘) is generated by 
L. and Gal(L/F). 
ProoJ: H’(L ‘, K,,(G)) = 0 since pC/ L ’ /. Thus, L ’ lifts to some stem 
cover of G by Theorem 1.6, so we need only prove uniqueness. The 
bifunctors Horn and Ext are naturally equivalent on elementary abelian 
groups [ 12, p. 381 and the fixed points of K,(G) (hence, those of T,,(G)) are 
in one-to-one correspondence with Horn,. (G, G A G). We will show that 
Horn,. (G, G A G) = 0 by computing G @ G explicitly. 
For a E G, and K a subfield of L containing a, let K, be the FL ‘-module 
obtained by defining Ax = ,uu,x for x E K. Thus, G = L,, and F, is the prin- 
cipal one-dimensional FL’ module. Iff,(X) is the irreducible polynomial of a 
over F, then 
fIXI F(a) a~ -, 
(f,(m) 
where F(a) is the field generated by a, and p, acts as multiplication by X. 
Hence, every simple FL. module is of the form F(a),, and F(a),r F(b),, if 
and only if a and b are conjugate elements of L (via field automorphisms). 
For each a, L, is either simple or a direct sum of isomorphic simple FL ‘- 
modules. 
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LEMMA 7.3. Suppose L = F(a). Then 
r-1 
as FL ‘-modules. 
L,@ L,r c L&+,, 
F i=O 
ProoJ For 0 < i < r - 1, define a homomorphism 
by pi(x @ y) = x . (y”‘). Each pi is a homomorphism of FL ‘-modules, so 
dimension counting will complete the proof if we show that 
R = n ker pi = 0. 
i=O 
Since L = F(a), one basis for L is 1, a ,..., a’-‘. Let 
r-l 
x = 1 xi @ ai 
i=O 
be an element of R, where xi E L,. Then for 0 <j < r - 1, 
r-l 
1 ,y,a’fl=(). 
i=O 
But a, ap,..., ap’-’ are the (distinct) conjugates of a in L, so 
is a Vandermonde matrix, with nonzero determinant. Thus, xi = 0 for each i, 
and x = 0. 
In particular, G @ G z Cf:i LcADi+l,. The intersection of the sets {A, Izp,..., 
A”‘-‘) (the conjugates of A), and {A2,1zp+’ ,..., Apr-‘+‘} is {A’} if p = 2, and 
empty otherwise. So G occurs at most once as a summand of G @ G. None 
of the maps pi is 0 on the kernel T of the projection G 0 G -+ G A G since 
Pi(X @ x) = xpi+ 1 # 0 for 0 # x E G. Hence every simple summand of G @ G 
occurs at least once as a summand of T. Thus, the simple module G is not a 
summand of G A G, so Hom,.(G, G A G) = 0, by semisimplicity of FL . 
That completes the proof of Theorem 7.2. 
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It is possible for L, to be a summand of L, A L,, even when L = F(a). 
Take p = 2, r = 4, and a an element of order 5 in L ’ . Then 
L,gL,rL,,OL,,OL,,OL,, 
%LL,,OL,*OL, OL,, 
z (La>3 0 (FJ4. 
But dim,(L, A L,) = 6, so L, A L, E L, @ (F,)‘. 
Now assume p = 2, r > 3, and let t E B(G, G A G) be the unique element 
of S-‘(l) fixed by L’, as in (6.2). The set t(G) generates G A G since 
x A y = dt(x, y) = t(x) + t(y) + t(x + y) 
for x, y E G. If t(x) = 0 for some x E G - {O}, then for all y E G, 
t(y) = t(Z+,x) = pyXml t(x) = 0, so t(G) = 0, which is impossible. In 
particular, t(A”) # 0, where A0 E G is the identity element of L. 
Let Z=C AutG(t) be the group of automorphisms of G which lift to the 
extension corresponding to f, and define C = C,,, JA’). We will show that G 
is not P by showing that C & I. Indeed, since t is a function of Z-sets, C n Z 
must fix the nonzero element (AO) of G A G, so the following lemma will 
complete the proof of Theorem 7.1. 
LEMMA 7.4. Zf G is elementary of order 2’, r > 3, then the C-module 
G A G has no nonzero fixed points. 
Proof: The set 
is an F-basis for G A G. Suppose 0 # x E G A G is fixed by C and write 
x= c cijLi A ,I’, 
O<i<j$r-1 
where cij E F. 
For 1 < w < r - 1, let r, be the element of C defined on the F basis 
/lo, A’,..., A’-‘ofGby 
5,(P)=1”+1° 
t&$,(P) =A’ for j f w. 
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Then for each W, 
= Zj Cij(7$ A 73) 
12'- I r-l 
=x + x Ci$ A A0 + 2 c,:iJlo A A' 
i=O j=w+ I 
w--I r-l 
=x+ \' 
,z 
CJO A A' + x c,,iLo A Aj. 
.j = I,‘ t 1 
Since w is free to take any value from 1 to r - 1, cij = 0 whenever i < j and 
i # 0. Hence, 
r-l 
x = 1 COi(/10 A 2) 
i= I 
=lOA (gcoiq. 
By selecting automorphisms in C which permute A’, A*,..., A’- ‘, we find that 
coi = cgi for all i and j. Since x # 0, and coi is either 0 or 1, 
Now use the fact that r > 3, and define an element 7 of C by 
s@')=L' +/I*, 
7(P) = ii for if 1. 
Thus, x = zx and x + (1” A A’), which is impossible. The lemma is proved. 
It is an immediate consequence of Theorem 7.1 that C lifts to no stem 
cover of G (when I 2 3), since C contains a Sylow 2-subgroup of Aut G. 
(See Theorem 4.1.) 
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